Quantum correlations in an entangled many-body system are capable of storing information.
I. INTRODUCTION
Entanglement is the resource for various quantum information protocols such as quantum teleportation [1] , superdense cording [2] , quantum cryptography [3] , and quantum energy teleportation [4] . Despite such advantage, an entangled system is inconvenient as a information storage. Entanglement delocalizes information [5] . Let us consider a two-qudit system in a maximally entangled state:
where
are orthonormal bases. Performing a local write unitary operationŵ(θ) ≡ e −iθt on the first qudit, the system evolves into |Ψ(θ) ≡ (ŵ(θ)
where θ is an unknown real parameter,t is an element of su(d), and I d denotes the identity operator on a single-qudit system. The precision of estimation of θ from |Ψ(θ) is quantified by the quantum Fisher information [6] , which is non-zero in general, implying that the system stores the information of θ. However, this does not necessarily mean that the information can locally be retrieved from the first qudit. Actually, for the qudits initially in the state given in Eq. (1), the reduced state for the first qudit remains unchanged after the write operation.
It means that the first qudit has no information of θ. For macroscopic systems in a pure state, a small subsystem and its complement are typically almost maximally entangled [7] [8] [9] , meaning that no information is stored locally. Therefore, delocalization of information can ordinarily happen.
There are two known classes of ways to extract the delocalized information. The common one is to use a pair of partners. A pair of subsystems in a many-body system is called partners when the pair is in a pure state. The notion of partners has originally been proposed in the analysis on modes of scalar field in the context of black hole physics [10] . The partner of a specific mode is identified in [10] , and a general formula for partners is obtained in [11] . The definition of partners is extended to multiple-qubit systems in [12] by using virtual qubits in the correlation space [13, 14] . It has been shown that for an arbitrary multiple-qubit pure state, we can identify the partner of the first qubit on which information is injected [12] . Since the pair of partners is in a pure state both before and after the write operation, it perfectly confines the information of θ. In order to retrieve the information out of the system by a SWAP operation, we need two external qubits. The second way to extract the delocalized information is to use quantum information capsule (QIC). A QIC is a single virtual qubit that perfectly confining the imprinted information in a pure state. It has been
shown that for the multiple-qubit system in an arbitrary state, a QIC always exists [12] . By swapping the state of a QIC for the state of a single external qubit, the information of θ is retrieved. After the SWAP operation, no information remains in the multiple-qubit system.
Information storage capacity can be enhanced by adopting a multiple-qudit system or a CV system. In this paper, we extend the analysis done in [12] to more general setups in multiple-qudit systems and continuous-variable (CV) systems. The proof of existence of a QIC in [12] cannot be directly extended to the multiple-qudit system. We provide a new proof which is applicable for multiple-qudit systems and CV systems in an arbitrary state.
The formulation also address the multi-parameter estimation problem. For CV systems in
Gaussian states, we further explore a QIC for shift write operationŝ
whereQ is a linear combination of canonical variables. In this case, we find a simple formula to identify a QIC. We find the conditions under which multiple unknown parameters can be imprinted independently. By using Gaussian states, many quantum information protocols have been proposed [15, 16] . Our QIC formulation is expected to support the development of the technology in quantum optics. Taking the continuum limit, the results are valid for shift write operations in scalar field theory.
It should be noted that the delocalization of information presented here is not the scrambling of information [17, 18] . Scrambling is caused by the time-evolution of the system, while the delocalization of locally injected information is caused by the entanglement of the initial state |Ψ . Throughout the present paper, we always mean the latter entanglement-induced one by delocalization of information.
In this paper, we adopt the natural units: c = = 1.
II. QIC IN FINITE DIMENSIONAL SYSTEMS
In this section, we investigate delocalized information in an N-qudit system H = H After the write operation, the system evolves into |Ψ(θ) ≡Ŵ (θ) |Ψ . The quantum Fisher information
quantifies the best possible precision of the estimation of θ from the state |Ψ(θ) [6] . Here, we have defined ∆T ≡T − Ψ T Ψ . It should be noted that F is independent of θ in this setup. The information of θ is imprinted unless F = 0.
As a special example, let us consider the case whenÛ = I [19] is given bŷ
is an orthonormal basis for a single-qudit system and H
Hilbert for the external qudit system. By using the set of generators t i
, it can be rewritten asÛ
as is shown in Appendix A. Here, we have definedt 0 ≡ I d . Assuming the initial state of the external qudit system is given by |χ ,
holds. This means that the information of θ is confined in the first qudit. No information is left in the N-qudit system after the SWAP operation. However, when the first qudit is entangled with other qudits, the reduced state of the first qudit does not necessarily have perfect information of θ as we have seen in Introduction.
There are two known pictures of how the system stores the delocalized information in multiple-qubit systems with write operationsŴ (θ) = e −iθt ⊗ I ⊗N −1 2
. A common one is that the first qubit and its purification partner shares it. The partner qubit is first defined in [12] .
The pair of entangled partners is in a pure state and stores the injected information of θ. The second one is that a virtual qubit in the correlation space perfectly confines the delocalized information in a pure state [12] . The virtual qubit is called a quantum information capsule (QIC). It should be noted that, in [12] , these two pictures are investigated only in a special case of our setup:
One of the main aims of this paper is to extend the notion of partners and QICs for general write operationŴ (θ) on multiple-qudit systems with an arbitrary d. Here, let us first introduce a virtual qudit in the correlation space in order to extend the notion of partner to multiple-qudit systems. A virtual qudit is characterized by a set of traceless Hermitian
for a unitary operatorV : H → H. Here,
2 − 1. Assuming that the system is in a pure state |Ψ , the corresponding qudit-stateρ is defined aŝ
where we have definedT
It can be shown thatρ is a unit trace positivesemidefinite operator, meaning thatρ defines a quantum state. The density operatorρ is characterized by the expectation values of generators Ψ T µ Ψ , and the virtual qudit is defined in the correlation space. Quantum operations on the N-qudit system affect the expectation values, and achieve quantum operations on the virtual qudit.
It should be noted that there is an ambiguity in the operators representing the same physical system. As an instructive example, let us consider a virtual qudit defined bŷ
for the system in a pure state |Ψ ∈ H. These operators characterize the first real qudit.
On the other hand, the state of a virtual qudit characterized bŷ
with c µ ∈ R also characterize the same real qubit with different basist
In general, if two sets of operators T i
are connected by a unitary operation generated by T i
, they represents the same virtual qudit. In that case, we say
. This ambiguity becomes significant when we discuss the non-uniqueness of QIC later.
Let us define and identify the partner qudit. For a given set of virtual-qudit opera-
, its partner qudit in a pure state |Ψ is characterized by a set of traceless
satisfying the following three conditions: (i) Algebra: it satisfies Eq. (7), (ii) Locality: , respectively. There always exists a unitary operator
. Defining a unitary operator
the operatorsT
give the partner qudit. The corresponding state in the correlation space is given byρ AB = |Ψ AB Ψ AB |, where
is a pure state for a virtual two-qudit system.
A pair of partners gives a way to extract the delocalized information. Suppose that information of unknown parameter θ is injected by a write operationŴ (θ) = e −iθT on an N-qudit system in a pure state |Ψ . Here,T is assumed to satisfyT =Û
Û for a unitary operatorÛ . Consider a pair of partner qudits AB characterized bŷ
whereV (B) is defined in Eq. (11) withV (A) =Û. Due to the write operation on the real N-qudit system, the correlation space state evolves intô
Therefore, the write operationŴ (θ) achieves a write unitary operationŵ(θ) ⊗ I d on the partner A in the correlation space. The initial stateρ AB = |Ψ AB Ψ AB | and henceρ AB (θ) are pure, implying that the information of θ is confined in the two-qudit state for the partners. The SWAP operation of a virtual qudit characterized by T i
is expressed aŝ
wheret µ denotes the basis of su(d) algebra for an external qudit system. The delocalized information can be perfectly retrieved by the SWAP operations with T (A)
For a multiple-qudit system in a pure state |Ψ and a write operationŴ (θ) = e −iθT , a pair of partners is characterized by operators defined in Eq. (12). For a unitary operatorV which preservesT , it is possible to introduce another pair of partners
SinceT is preserved, the write operationŴ (θ) induces the same local write operation w(θ) on the qudit A ′ in the two-qudit system A ′ B ′ in the correlation space. The amount of entanglement between A ′ B ′ depends on the choice of the unitary operatorV since the density matrix of the qudit A ′ is given bŷ
where we have defined |Ψ V ≡V |Ψ . The amount of entanglement is invariant under the write operation since it corresponds to a local unitary operation on the virtual qudit A ′ :
As an extreme case of partners, let us investigate whether maximally entangled partners exist. In this case, the reduced state of virtual qudits are invariant under the write operation, meaning that the whole information is stored in non-local correlations. As an example, consider a two-qudit system and fix the generator of write operation asT =t 1 ⊗ I d , where
denotes a basis of su(d). 
holds, this condition is equivalent to
0, which does not always hold. This example shows that maximally entangled partners do not exist in general. The fact that information can be hidden from the subsystems perfectly only in specific situations is consistent with the results in [20, 21] , though our setup is different from theirs.
The opposite situation gives the notion of QIC. A QIC is a virtual qudit in a pure state which perfectly confines the injected information of θ. It is a non-trivial question whether a QIC exists, as is suggested from the fact that maximally entangled partners do not exist in general. Surprisingly, however, we can construct a QIC for arbitrary state and write operation. In order to show it, we use the eigenvalue decompositiont =
is an orthonormal basis. By using the basis, the state |Ψ ′ ≡Û |Ψ can be expanded as
where c i ∈ C and |ψ i ∈ H ⊗N −1 are unit vectors, which are not orthogonal to each other in general. Let us define a unitary operator
are Hermitian operators satisfying e −ih i |ψ i = |ψ for a reference unit vector
meaning that the virtual qudit characterized by a set of operators T (QIC)
is in a pure stateρ QIC = |Φ Φ|. Therefore, this virtual qudit is a QIC. By using the QIC operators T (QIC)
, the whole information can be perfectly retrieved by the SWAP operation given in Eq. (14).
In the above proof, unitary operators e
are arbitrarily chosen as long as it satisfies e −iĥ i |ψ i = |ψ . The non-uniqueness of QIC is shown from this fact. As an example, consider a one-parameter family of unitary operator
where r ∈ R. The operators defined bŷ
also characterize a QIC. Sincê
holds, there exists r * such that T i (r * )
is not equivalent to T i
. More generally, by using an Hermitian operatorĥ satisfyingĥ |ψ = r |ψ with a real number r, a set of QIC operators are constructed asT
whereV (ĥ) ≡ e −it⊗ĥV . This implies that for any state and write operation, there exist different QICs. In [12] , the non-uniqueness of QIC has been proven only for d = 2. The example of the Greenberger-Horne-Zeilinger state presented there clearly shows that different
QICs gives different ways to process the injected information.
It should be noted that even when information is localized, QIC is non-unique. For example, let us consider a two-qudit system in a product state |Ψ = |φ |ψ . If we inject the information by a write operatorŴ (θ) =ŵ(θ) ⊗ I d , the information is localized in the first qudit and a set of QIC operators are given byT i =t i ⊗ I d . From Eq. (25), the operatorŝ
also characterize another QIC. In this case, one would feel that the set of operators T i
is more natural and physically significant than that with r = 0 since the former one agrees with the observation that information is spatially localized. It remains an open question whether there is a useful criterion to single out a important or convenient set of operators in general setup. For shift write operations on Gaussian states, there is a criterion with which a QIC is uniquely selected, as we will see in the next section.
Before concluding this section, we briefly discuss multi-parameter write operations. A QIC in a multiple-qudit system is capable of (d − 1) independent parameters. It should be noted that multi-parameter information storage can be achieved for d ≥ 3. Let
i=1 be a set of commutative operators in su(d). Suppose that (d − 1) real unknown parameters
are injected on a pure state |Ψ by write operationŝ
where we have definedĈ i ≡Û † ĉ i ⊗ I
⊗N −1 d
Û . The state after operations are given by
where we have introduced θ ≡ (θ 1 , · · · , θ d−1 ). As a quantifier of precision of multi-parameter estimation, the symmetric logarithmic derivative (SLD) Fisher information matrix F θ is often adopted [6] . Its element is defined as
whereL i is a solution of the follwoing equation withρ θ ≡ |Ψ(θ) Ψ(θ)|:
The operatorsL i are called SLD operators. In our setup, SLD operators are easily obtained
From this equation, the Fisher information matrix is given by 
such that
for some real numbers r ij . From the same argument as in Eqs. (21) and (22), the QIC operators are obtained. The whole information of (d − 1) parameters is simultaneously extracted by the SWAP operation given in Eq. (14).
There is another setup of multi-parameter information storage by using commutative write operations. As an example, consider two write operationsŴ 1 (θ 1 ) ≡ e −iθ 1T1 and
witht,ŝ ∈ su(d). The commutativity of the write operations does not imply that the information can be retrieved independently. In other words, sets of QIC operators for two write operations may not commute with each other. In the case of multiple-qudit systems, it is difficult to discuss the commutativity of QIC operators since we do not have a simple formula to construct the QIC operators. However, in the case of write shift operations on CV systems in Gaussian state, it is possible to derive the condition under which multi-parameter information can independently be retrieved as we will see in the next section.
III. QIC IN CV SYSTEMS
In the previous section, we have shown that a QIC always exists for the information injected into multiple-qudit systems by write operations in the form ofŴ (θ) = e −iθÛ (t⊗Id)Û .
Here, we extend the arguments to CV systems: multiple-harmonic oscillator (HO) systems and the scalar field.
A. QIC in multiple-HO systems
Let us consider an N-HO system whose canonical variables are denoted byr
The canonical commutation relations are summarized as
is an anti-symmetric matrix. Let us inject information of θ by a write operationŴ (θ) = e −iθQ on a pure state |Ψ , whereQ satisfieŝ
for some unitary operatorÛ , where I is the identity operator for a single HO system. For notational simplicity, we will omit I and ⊗ when there is no risk of confusion. Defininĝ P ≡Û †p 1Û , the canonical commutation relation is satisfied Q ,P = i, implying that the set of operators Q ,P characterizes a mode. For a given mode and an arbitrary pure state |Ψ , it is possible to construct its purification partner [11] . Since the composite subsystem of the modes defined by Q ,P and its partner is in a pure state, the information is perfectly confined in this subsystem. Therefore, the picture of partners storing information is valid for N-HO systems.
What about the picture of QIC? We can extend the proof of the existence of a QIC to the N-HO systems in the following way: The eigenvalue decomposition of the operatorq 1 is given byq
Expanding the state |Ψ ′ ≡Û |Ψ as
we can introduce the unitary operator aŝ
whereĥ q satisfies the condition that e −iĥq |ψ q = |ψ for a reference state |ψ of (N − 1)-HO system. SinceV preservesq 1 and satisfieŝ
the set of operatorsQ
characterizes a QIC. Therefore, as long as the unitary operator defined in Eq. (40) is well defined, we can construct a QIC.
Hereafter, we mainly investigate the information injected into pure Gaussian states by write operations generated by linear combination of the canonical operators. That is, we restrict ourselves in the case when the write operation is given bŷ
where v ∈ R 2N . The coefficients v correspond to the weighting functions [11] that characterize the interaction between the N-HO system and a device that detects a mode. In the case of the scalar field theory, such devices are called Unruh-de Witt detector [22, 23] . The operatorQ in the form in Eq. (44) is a special example of operators defined in Eq. (37).
This write operations shift the first moment of states as follows:
Therefore, we call them shift write operations.
A pure Gaussian state |Ψ is fully characterized by its first and second moments of the canonical variables. The second moments are summarized by the covariance matrix
where we have definedR
so that Ψ R Ψ = 0 holds. Our task is to find an operatorP such that Q ,P = i holds and the mode characterized by Q ,P is in a pure state for the given state |Ψ . If we could find it, after the write operationŴ (θ) = e −iθQ , the mode remains in a pure state, implying that the mode is a QIC. We call such an operatorP the conjugate QIC operator of the operatorQ. Taking into account that the purity of Gaussian state is characterized by the second moments, we pose the following ansatz:
where u ∈ R must satisfy
so that Q ,P = i holds. The second term in Eq. (48) is a constant factor which becomes significant when we study multi-parameter write operations as we will see later.
For a mode characterized by Q ,P , its covariance matrix is defined by
where we have re-definedQ asQ = v TR . The difference betweenQ = v Tr andQ = v TR in the write operationŴ (θ) = e −θQ results in an unimportant global phase rotation. The entanglement entropy between the mode and its complement system is given by [24] S EE = 1 + g 2 ln 1
where g is defined by
The entanglement entropy becomes zero if and only if g = 0. It should be noted that
is always satisfied because of the uncertainty relationship.
Similar to the case of virtual qudits, we also have the ambiguity of the choice in the operators representing a mode. That is, for a unitary operatorÛ generated by Q ,P , the set of operators Q ′ ,P ′ ≡ Û †QÛ ,Û †PÛ also characterize the same mode. Takinĝ
To eliminate the ambiguity in the operators representing a QIC, we impose this condition.
In terms of vectors v and u, the above constraint is equivalent to
To summarize, the real vector u that determinesP is the vector which minimize det m under the constraints Eqs. (49) and (54). Thus, let us define a function
where µ 1 , µ 2 are Lagrange multipliers. Since
holds, the unique solution of
with
and µ 2 = 0. Here, we have used the fact that
holds for pure Gaussian states |Ψ since there always exist a symplectic matrix S such that
. From a straightforward calculation, it can be checked that for a given operatorQ = v TR and a given Gaussian state |Ψ , the operator
actually satisfies Q ,P = i and det m = 1 4 , implying that the mode defined by Q ,P is in a pure state. Therefore,P is the conjugate QIC operator ofQ. It should be noted that the solution of Eq. (56) was unique. The ansatz given in Eq. (48) singles out the unique QIC.
By using the operators Q ,P characterizing the QIC, the information of θ can be retrieved by the following SWAP operation:
where q (ext.) ,p (ext.) is a set of canonical variables for an external device. Since the QIC operators derived here are linear combinations of canonical variables, this SWAP operation can be achieved by a bi-linear coupling between the system and the external device.
Similar to the case of multiple-qudit systems, a QIC in CV systems can store multiple parameters. Let Q ,P be a set of operators characterizing a QIC. Since they are linear combinations of canonical variables satisfying Q ,P = i, there exists a unitary operatorÛ
for non-negative integers n, they are Hermitian operators commute with each other. Here,
represents the set of eigenstates of the number operators of the first HO. The operatorT n can be also written aŝ
where we have defined creation and annihilation operators of the QIC mode aŝ
By using a series of commutative write operationŴ n (θ n ) ≡ e −iθnTn , a countably infinite number of parameters is stored independently in the single QIC mode. 
so that the write operation commute with each other. After the series of write operations, a Gaussian state |Ψ evolves into
where we have defined θ ≡ (θ 1 , · · · , θ k ). Now, suppose that we try to retrieve the information θ 1 from |Ψ(θ) . From Eq. (60), the conjugate operatorP 1 toQ 1 is given bŷ
is a set of canonical variables whose first moments vanish forŴ 2 (θ 2 ) · · ·Ŵ k (θ k ) |Ψ . This means that for shift write operations, the conjugate QIC operator depends on unknown variables in general even when the write operations commute with each other. That is, if we want to extract the information of θ 1 , we need to know θ 2 , · · · , θ k unless v T 1 Mv j = 0 for all j = 1. Therefore, the information on each parameters are independently retrieved if and only if
holds. Under this condition, the conjugate operators become independent of unknown parameters and are given byP
The condition given in Eq. (69) ensures the commutativity of QIC operators:
The independence of parameters can be also checked from the Fisher matrix. In the same calculation as is done in Eq. (33), the Fisher matrix is given by
implying that it cannot be degenerated.
From the viewpoint of unitary evolution, the conditions given in Eqs. (65) and (69) ensures the invariance of the QIC operators under the write operations of other parameters.
Suppose that information of θ 1 is first injected byŴ 1 (θ 1 ) = e −iθ 1Q1 on the N-HO system in a pure state |Ψ . The QIC operators are given bŷ
As is discussed in [12] , the time-evolution of the QIC operator is given by Q ,P → ÛQÛ † ,ÛPÛ † when the system evolves asΨ →Û |Ψ under a unitary operatorÛ . When we inject information of θ 2 byŴ 2 (θ 2 ) = e −iθ 2Q2 , the QIC operators evolves intô
Therefore, if Eqs. (65) and (69) are satisfied, the QIC operators Q 1 ,P 1 is invariant under the write operations ofŴ 2 (θ 2 ). 
When the system is in a pure Gaussian state |Ψ , let us re-define the field and conjugate momentum asΓ(x) ≡γ(x)− Ψ |γ(x) | Ψ so that the first moments vanish: Ψ Γ (x) Ψ = 0.
The covariance matrix is defined as
Now, let us define a shift write operationŴ (θ) ≡ e −iθQ wherê
and
are weighting functions. As long as the continuum limit can be taken properly, the results holds. Therefore, det m = 
IV. SUMMARY
In this paper, we extended the pictures of partners and a QIC storing the information imprinted into a systems. The results presented in Section II show that for a finite-dimensional system, a QIC always exists for general write operations. When there is no criterion that singles out a QIC, non-equivalent QIC can be constructed, implying that there are many ways to process the imprinted information. In Section III, we extended the proof of existence of a QIC to CV systems. For shift write operations, a unique QIC always exists for an arbitrary Gaussian state, imposing the condition that the QIC mode is characterized by linear combinations of canonical variables.
Storage and retrieval of information have been already demonstrated in various quantum systems [26] [27] [28] [29] [30] [31] [32] . Our results presented in this paper shows that a QIC exists for a wide class of write operations. It would be interesting to experimentally implement a non-local memory storage by using a QIC.
SinceÛ swap is a linear operator, it can be expressed aŝ
where c µν ∈ C,t 0 ≡ I d and t i
is a basis of su(d) algebra satisfying Tr H d t itj = dδ ij .
Since Tr H d t µtν = dδ µν holds for µ, ν = 0, · · · , d 2 − 1, we get
Tr
Therefore, the SWAP operation is expressed in terms of a basis of su(d) aŝ
